The gluon transversity distribution in the deuteron is defined by the matrix element between linearly-polarized deuteron states, and it could be investigated in proton-deuteron collisions in addition to lepton-deuteron scattering. The linear polarization of photon is often used, whereas it is rarely used for the spin-1 deuteron. Therefore, it is desirable to express deuteron-reaction cross sections in term of conventional deuteron spin polarizations for actual experimental measurements. In this work, we investigate how proton-deuteron Drell-Yan cross sections are expressed by the conventional polarizations for finding the gluon transversity distribution. In particular, we show that the gluon transversity can be measured in the proton-deuteron Drell-Yan process by taking the cross-section difference between the deuteron spin polarizations along the two-transverse axes. Since the gluon transversity does not exist for the spin-1/2 nucleons, a finite gluon transversity of the deuteron could indicate an "exotic" mechanism beyond the simple bound system of the nucleons in the deuteron. Therefore, the gluon transversity is an interesting and appropriate observable to shed light on a new hadronic mechanism in nuclei.
I. INTRODUCTION
The nucleon spin used to be explained by a combination of three-quark spins in the nucleon according to the basic quark model. However, it became clear that the quark contribution to the nucleon spin is 20−30%, and the rest of spin should come from gluon-spin and partonic orbital-angular-momentum (OAM) contributions [1] . Now, the controversial issue has basically settled down on the nucleon-spin decomposition into partonic components of spin and OAM contributions in the colorgauge invariant matter [2] . Recently, major efforts have been done in lattice quantum chromodynamics (QCD) [3] and experimental measurements to find each component, and such projects will continue in the next decade.
In particular, three-dimensional structure functions need to be studied for determining the OAM contributions. Among the three-dimensional structure functions, the generalized parton distributions (GPDs) are used for finding the OAM components by integrals over the Bjorken scaling variable [4, 5] . Furthermore, generalized distribution amplitudes (GDAs), which are the s-t crossed quantities of the GPDs, are also valuable for investigating internal structure of hadrons [6] . Here, s and t are the Mandelstam variables. For probing the transverse structure of hadrons, there are also transversemomentum-dependent parton distributions (TMDs) as other three-dimensional structure functions [7] .
So far, spin structure of the nucleons has been investigated mainly by longitudinal-polarization observables; however, the transverse spin measurements started to appear. One of important transverse-polarization quantities is the quark transversity [8] . Quark transversity distributions are defined by helicity-flip amplitudes for quarks, so that they are often called chiral-odd distributions. There are some studies toward a global analysis on their determination; however, it is still at a preliminary stage in the sense that the obtained distributions have large errors [9] .
The gluon transversity distribution is expressed by the amplitude of the gluon helicity flip (∆s = 2) [10] [11] [12] . Therefore, the gluon transversity does not exist for the spin-1/2 nucleon due to the helicity-conservation constraint. A hadron with spin more than or equal to one is needed for the helicity flip of two units. It means that the scaling violation of the quark transversity distributions of the nucleon is much different from the one of the longitudinally-polarized ones because they are decoupled from the gluon distribution [13, 14] . Since the gluon transversity is defined by the linearly-polarized states, instead of simple transversely-polarized ones, we should note that the gluon "transversity" is different from direct transverse observables.
The most simple and stable target for studying the gluon transversity is the deuteron. The deuteron is basically a bound state of a proton and a neutron. However, the spin-1/2 nucleons cannot contribute directly to the gluon transversity distribution, so that it is an appropriate observable for finding an "exotic" component in a nucleus beyond a simple bound system of the nucleons [11] . An exotic component in the deuteron could be also investigated by tensor-polarized structure functions, for example b 1 [15] , by considering that there are significant differences between conventional deuteron calculations [16] and the HERMES measurement [17] . Such studies will be done by the approved Thomas Jefferson National Accelerator Facility (JLab) experiment [18] and possibly by a Fermilab experiment [19, 20] in the measurements of b 1 and the tensor-polarized parton distribution functions (PDFs) δ T f (= δ T q, δ T g), respectively. However, a unique point of the gluon transversity is that the direct nucleon contribution does not exist (namely ∆g T = 0), whereas the direct contribution is finite in b 1 and δ T f , for example, due to the D-wave component in the proton-neutron bound system [16] . Any finite gluon transversity distribution (∆g T = 0) could indicate an interesting new mechanism beyond the bound state of proton and neutron.
At this stage, there is no experimental measurement on the gluon transversity distribution. The only possibility is the letter of intent to measure the gluon transversity at JLab by using the polarized spin-1 deuteron [21] . For example, by finding the azimuthal-angle dependence of the deuteron transverse polarization, the gluon transversity distribution will be measured. So far, it is the only experimental project and such an effort will be continued at Electron-Ion Collider (EIC) [18] . On the other hand, there are a number of hadron accelerators in the world, and it is excellent if similar measurements will be done at the hadron facilities. There are available hadron facilities at Fermilab [19] , Japan Proton Accelerator Research Complex (J-PARC) [22] , Gesellschaft für Schwerionenforschung -Facility for Antiproton and Ion Research (GSI-FAIR) [23] , and Nuclotron-based Ion Collider fAcility (NICA) [24] . In addition, if the fixed-deuteron target becomes possible at Relativistic Heavy Ion Collider (RHIC) [25] , Large Hadron Collider (LHC), or EIC, there is another possibility. In general, lepton-and hadronaccelerator measurements are complementary and both results are essential in establishing hadron structure in a wide kinematical region.
For such a purpose, we proposed to use the protondeuteron Drell-Yan process with the polarized deuteron for finding the gluon transversity distribution in the deuteron [26] . The cross-section formulae and numerical values were shown for the cross sections by taking linear polarizations of the deuteron. The linear polarization is often used in photon physics. It is also known that the linear-polarization states of the photon are expressed by the circular-polarization states with the he-licities +1 and −1 [27, 28] . Similarly, the linear polarizations of the deuteron could be expressed by its helicity or transversely-polarized states. The proton-deuteron Drell-Yan cross sections are shown by the linear polarizations in Ref. [26] . Such a formalism is theoretically appropriate. However, it is more practical to express the cross sections in terms of conventional spin polarizations because the linear polarizations are rarely used in deuteron experiments.
In fact, the electron-scattering cross section is expressed by the azimuthal angle of the transverselypolarized deuteron for probing the gluon transversity in the JLab experiment [21] . In the same way, we expect that the proton-deuteron reaction cross sections could be expressed by the transverse polarizations of the deuteron. The purpose of this work is to express the proton-deuteron Drell-Yan cross sections in terms of the conventional polarizations of the deuteron for future experimental measurements.
In this article, we explain deuteron polarizations, their rotations around the transverse axes, and collinear parton correlation functions of the deuteron in Sec. II. Next, we show how the proton-deuteron Drell-Yan cross sections are expressed by the conventional deuteron polarizations for probing the gluon transversity in Sec. III. The results are summarized in Sec. IV.
II. DEUTERON POLARIZATIONS
The vector and tensor polarizations S and T of the deuteron are expressed by possible polarization parameters and polarization vector E in Sec. II A. Then, the collinear parton correlation functions of the deuteron are written by the polarization parameters and the deuteron PDFs. Next, rotations of the polarization and spin vectors around the transverse axes are discussed in Sec. II B for relating them with the gluon transversity distribution in the proton-deuteron Drell-Yan cross sections.
A. Deuteron polarizations and parton correlation functions
The spin vector S and tensor T of the deuteron are parametrized in the deuteron rest frame as [26, [29] [30] [31] 
where S x T , S y T , S L , S LL , S xx T T , S xy T T , S x LT , and S y LT are the parameters to indicate the deuteron's vector and tensor polarizations. The deuteron polarization vector E is de-fined as
where E + , E 0 , and E − indicate the spin states with the z component of spin s z = +1, 0, and −1. The polarizations E x and E y are called linear polarizations, and they are necessary for investigating the gluon transversity distribution in the deuteron [26] . The gluon transversity distribution is defined by the matrix element between the linearly-polarized deuteron states. In terms of the polarization vector E of the deuteron, they are written as [26, 28] 
we obtain the vector and tensor polarizations from Eq. (3) as
In comparison with Eq. (1), these relations indicate the polarization parameters as
The polarization E + means that the deuteron polarization along z (S L = 1), and it also contains a part of the tensor-polarization S LL according to Eq. (5). Deuteron-reaction cross sections are expressed generally by correlation functions. The twist-2 collinear quarkcorrelation function for the spin-1 deuteron, which is denoted as B, is given [26, 29, 30] in the laboratory coordinates as
where
is the transversity, and f 1LL,q/B (x b ) and h 1LT,q/B (x b ) are tensor-polarized ones [29] . The variable x b is the momentum fraction carried by a parton in the deuteron. The lightlike vectorsn and n are defined bȳ
( 1, 0, 0, −1 ), (7) and the antisymmetric tensor σ µν is given by
The twist-2 gluon correlation function is similarly given for the deuteron as [26, 30, 31] 
. (8) Here, f 1,g/B is the unpolarized gluon distribution function, g 1,g/B is the longitudinally-polarized one, f 1LL,g/B and h 1T T,g/B (≡ −∆ T g B in this paper) are tensor-and linearly-polarized ones. In Eq. (8), g αβ T is defined by 
where M is the hadron mass. The spin and momentum vectors satisfy s 2 = −1, p 2 = M 2 , and s · p = 0 in any frame. The spin vector and momentum in the c.m. frame are given by the Lorentz transformations as
where the c.m. frame moves with the velocity −β in the z direction with respect to the laboratory frame. The relation between the spin vectors of both frames is given by [8, 26] Proton-deuteron reactions in the center-ofmomentum frame, where the deuteron moves in the −z direction.
In the relativistic limit β → 1, this relation is written as
Here, the factor S L is the longitudinal-polarization parameter and the transverse spin s µ ⊥ is expressed by the two transverse-polarization parameters S x T and S y T as
Since the Lorentz boost is in the −z direction for the deuteron from the laboratory frame to the c.m. frame as shown in Fig. 1 , one needs to be careful about the spin parameters and the correlation functions. First, the lightlike vectorn in Eq. (6) should be replaced by n because of p B −z. Second, noting the covariant forms of S µ and T µν in Eq. (35) of Ref. [26] and the Lorentz boost along the −z direction, we find that two parameters change their signs (S L → −S L , S LT → −S LT ) and the others stay the same. However, only the terms S B,LL and S xx B,T T contribute to the Drell-Yan cross sections in Sec. III, the changes do not affect the following discussions.
B. Rotations of deuteron polarizations around transverse axes
The polarization vectors E + , E 0 , and E − of Eq. (2) indicate the spin states s z = +1, 0, and −1 by taking the spin quantization axis in the z direction. The s z = 0 state is given by the polarization vector E 0 = ( 0, 0, 1 ). In the same way, the linear polarizations E x = ( 1, 0, 0 ) and E y = ( 1, 0, 0 ) correspond to the s x = 0 and s y = 0 states by taking the x and y axes, respectively, as the quantization axes, namely by rotating the s z = 0 state around the transverse axes with the angle π/2. If experimentalists can prepare such deuteron-target states, the proton-deuteron Drell-Yan cross-section difference dσ(E x ) − dσ(E y ) can be measured as suggested theoretically in Ref. [26] . On the other hand, we explain in the following about the possibility of using the E + (s z = 1) polarization by rotating the polarization around the transverse axes as shown in Since a finite polarization S xx B,T T is needed for finding the gluon transversity ∆ T g(x) in Eq. (8), the deuteron state ( E + ) does not contribute for extracting ∆ T g(x) according to Eq. (5) . Therefore, let us consider a rotation of the polarization vector E + around the y axis with the angle α y in the laboratory frame with the deuteron at rest. Then, the polarization vector E + becomes
Using this polarization vector, we obtain the spin vector S and tensor T as 
These vector and tensor polarizations correspond to the parameter choice:
If α y = π/2 is taken, the polarization vector becomes
where E +/x is the polarization vector with the spin component +1 defined by taking the spin-quantization axis as x.
Next, if the rotation with the angle α x is applied around the x axis, the polarization vector E + becomes
In this case, the polarization parameters are given by
At α x = −π/2, it corresponds to the spin +1 state by taking the spin-quantization axis as y:
In this way, rotating the deuteron spin around the transverse axes, we obtain a finite linear-polarization parameter S xx T T . Then, the gluon transversity can contribute to the gluon correlation function in Eq. (8) and then to the cross section. However, other spin parameters become finite according to Eqs. (16) and (19), the deuteronpolarization combination should be appropriately taken for extracting the gluon transversity distribution as the leading term. Such a combination will be shown later in Eq. (33).
III. POLARIZED PROTON-DEUTERON DRELL-YAN CROSS SECTIONS FOR EXTRACTING GLUON TRANSVERSITY
In the previous publication [26] , the proton-deuteron Drell-Yan cross sections were shown for the deuteron linear polarizations as dσ(E x ± E y ). However, since the linear polarizations are rarely used for the deuteron, we need to express them by the usual deuteron polarizations for actual experimental measurements. Let us consider the proton-deuteron Drell-Yan process with the unpolarized proton and the deuteron polarizations E αy and E αx or the deuteron spin vectors S αy , S αx and tensors T αy , T αx .
In the unpolarized proton, there exists one type of twist-2 correlation-function terms, which correspond to the first terms of Eq. (6) and Eq. (8) of the deuteron case:
where the variable x a is the momentum fraction carried by a parton in the proton. The cross section of the proton-deuteron Drell-Yan process from the subprocess of q (q) + g → γ + + q (q) typically contains the trace terms
In the same way, the subprocess q +q → γ * + g typically have the trace
In Eq. (21), because there is one γ in Φ q(q)/A (x a ) and no γ in Φ g/A (x a ), possible terms in the deuteron correlation functions should contain no γ in Φ αβ g/B (x b ) and odd number of γ in Φ αβ q(q)/B (x b ) so that the trace terms become finite.
Therefore, the relevant correlation-function terms, which contribute to the Drell-Yan cross section with the unpolarized proton, become
from Eqs. (6) and (8). Here, the lightlike vectorn is replaced by n as mentioned in the end of Sec. II A. The α y and α x rotations around y and x in Fig. 2 indicate the parameter values as given in Eqs. (16) and (19):
where the γ 5 / n terms in the quark correlation function and the antisymmetric term ǫ αβ T in the gluon correlation function are also removed because their contributions vanish in the traces. The gluon transversity is denoted as ∆ T g B = −h 1T T,g/B in Ref. [26] .
In the proton-deuteron Drell-Yan cross section, there are two-types of cross sections as obvious from Eqs. (21) , and (24):
Here, the variable τ is defined by the dimuon-mass squared M 2 µµ and the center-of-mass-energy squared s as
where k 1 and k 2 are µ − and µ + momenta, and p A and p B are proton and deuteron momenta in the proton-deuteron Drell-Yan process, p(p A )+d(p B ) → µ − (k 1 )+µ + (k 2 )+X. The virtual photon momentum is denoted as q (= k 1 + k 2 ), and it is given as
by the transverse and longitudinal momenta q T (= | q | sin θ) and q L (= | q | cos θ) with the polar and azimuthal angles θ and φ in the c.m. frame. The dimuon rapidity y is defined by
in the c.m. frame. In Eq. (26), the first term dσ 0 (S B,LL )/(dτ dq 2 T dφ dy) is from the subprocess of the unpolarized PDFs in the proton with the unpolarized and tensor-polarized PDFs in the deuteron, and the second one dσ ∆T g (S xx B,T T )/(dτ dq 2 T dφ dy) is from the gluon transversity distribution in the deuteron.
The first term of Eq. (26) is no more than the cross section of Eqs. (101) and (102) in Ref. [26] ; however, the unpolarized distributions should be replaced by unpolarized plus tensor-polarized ones in the deuteron, [20] as noted in Ref. [29] . However, the factor of 1/2 needs to be multiplied in Eqs. (101) and (102), where the combination E x +E y was taken, and this factor appears in Eq. (30) .
The second term corresponds to the cross section of Eq. (97) in Ref. [26] ; however, the factor − 1 2 S xx B,T T needs to be multiplied. In Eq. (88) of Ref. [26] , the combination of E x − E y is considered with S xx B,T T = −1, so that there is an overall factor of −2 as explained below Eq. (88). Here, a specific polarization S xx B,T T is taken instead of the combination E x − E y and S xx B,T T = −1, so that the factor −2 should be replaced by S xx B,T T as shown in Eq. (31) .
The actual expression of the cross section is given for the first term as [26] dσ 0 (S B,LL ) dτ dq 2 T dφ dy
where the parton distribution f ′ B (x b ) is defined by the unpolarized distribution f B (x b ) and the tensor-polarized one
In the numerical analysis of Ref. [26] , the tensor-polarized PDFs δ T f B (x b ) are neglected because they are considered to be very small in comparison with the unpolarized PDFs. The variables x 1 and x 2 are given by the transverse mass M T = Q 2 + q 2 T , the rapidity y, and the c.m. energy squared s as x 1 = M T e y / √ s and x 2 = M T e −y / √ s. The second cross-section term is given by [26] dσ ∆T g (S xx B,T T ) dτ dq 2 T dφ dy
Now, let us consider the two rotations for the deuteron polarization in the laboratory frame with the deuteron at rest. One is to take the rotation angle α y = α around the y axis, and the other is to take the rotation angle α x = α around the x axis as shown in Fig. 2 . Then, if the difference is taken between their cross sections to drop the first cross-section term dσ 0 (S LL )/(dτ dq 2 T dφ dy), we obtain
On the other hand, their cross-section summation is given by dσ pd→µ + µ − X (α y = α) dτ dq 2 T dφ dy
with the PDFs f ′
Therefore, rotating the deuteron longitudinal polarization s +1 around the transverse coordinates x and y as shown in Fig. 2 , we can measure the gluon transversity as the difference between the two cross sections dσ(α x = α) and dσ(α y = α), whereas their summation is given by the unpolarized and tensor-polarized PDFs of the deuteron. If α = π/2 is taken, the gluon transversity distribution can be measured in the proton-deuteron Drell-Yan process with the deuteron polarizations along the twotransverse directions. In the same way, rotations of the polarization E − or s −1 can be used for investigating the gluon transversity distribution.
IV. SUMMARY
For finding the gluon transversity distribution of the deuteron in the proton-deuteron Drell-Yan process, the linear polarizations of the deuteron are needed theoret-ically as investigated in Ref. [26] . Since the linear polarizations are rarely used in handing the deuteron experimentally, we showed in this work that the Drell-Yan cross sections are expressed by the usual deuteron spin polarizations by rotating the spin vector around the two transverse axes. Then, we indicated that the difference of the two cross sections can be used for finding the gluon transversity distribution in the deuteron. With the transversely-polarized deuteron along two transverse directions, such a gluon transversity measurement is possible at hadron accelerator facilities.
